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Summary: The article offers an approach to establishment of conditions
of existence and uniqueness of solution of the boundary value problem for the
linear integro-differential equation with a parameter, as well as represents the
method of reducing the given problem to the equivalent integral equation.

The article is of theoretical nature. The results obtained may be used for
treatment of specific applied problems. Theoretical computations are illustrated
with specific example.

The work objective is to determine conditions for solvability of the
boundary value problem for the linear integro-differential equation with a
parameter.

The object of research is the boundary value problem for the linear
integro-differential equation with a parameter.

The subject of research is conditions of existence and uniqueness of
solution of the boundary value problem for the linear integro-differential
equation with a parameter.

The research methods are basic methods of research and up-to-date
results of the theory of differential and integral equations.
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The theory of differential, integral equations has recently gained
widespread acceptance, which is explained, first of all, by relation of the given
area with problems arising in mechanics, physics, biology, ecology, economics,
etc. In addition to the application-oriented aspect being of prime importance, the
mathematical part of the problems is also of some interest.

The issues of existence and uniqueness of solution were considered in the
works of [1-7].

Researches, proving theorems of existence and uniqueness of solution of a
posed problem was carried out based on methods developed in [2-4].

We consider the integro-differential equation
b

(PX)(t)= j L(t,5)(Qx)(s)ds + f(t) + Alt) . )

a

We pose the problem of determination of a function x eW,"[a;b] and a

parameter ,ueRI such that satisfy the equation (1) almost everywhere,

boundary condition and the limitation
B(x)=95, 2)

b
j Y(O)x(t)dt = &, 3)

If such pair (x(t),z) exists, then problem (1) - (3) is considered

compatible.

Let us assume that:

1) (Px)t)=xM(t)+ p)x™D()+...+ py(t)x(t);
2) (Qx)t)=qox" (t)+...+ g, (t)x(t), r<m;

4 telab] fel,[ab];
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5)the (LxI)—matrix A(t),the (Ix1)—matrix Y(t),whose elements are linearly
independent functions square-summable on the interval[a,b];

6) the constant (mx1)—matrix B(t), whose elements take the form

B, (x)= Z(aw_x(i—l) (a)+ B,;x(D (b));

i=1
7) 6 eR™, £eR! —are given;
8) the kernel L(t,s)—is square-summable in the totality of variables.

We will show that problem (1) - (3) is equivalent to an integral equation

without limitations. Let us consider the generating problem

(Cx)t)= Al e+ y(t), B(x)=4, (4)
b
j Y()x(t)dt = &, (5)
where
(Cx)t) = XM (t)+ ¢y (t)xM D (t)+..+ ¢ (t) (1), (6)

in addition, the given functiony e L,[a,b], and the coefficientsg (t),....c,(t) are
continuous on the interval [a,b].

Lemma. If the homogeneous problem
b
(Cx)t)= Alt), B(x)=0, j Y (t)x(t)dt = 0 @)
a

has only the trivial solution, then there exist a vector o <R!, functions 2(t),
G(t,s) and a (mx1)—matrix T(s),such that the unique solution of the

inhomogeneous problem (4), (5) is given by the formulas
b

X(t)= 2(t)+ j G(t,s)y(s)ds, ®)

a
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b
u=c+ [Ty, ©)
a
and the properties

b b
j T(s)A(s j Gt s)ds=0, (10)

where | — is the identity matrix in R, are valid.

Indeed, let us assume that the coefficients c;(t),...,.c,(t) are selected so

that there exists the Green function I°(t,s) of the problem
(Cx)t)=w(s), B(x)=5, (11)
and it can be constructed explicitly. Under such assumption, the unique solution

of problem (4) is given by the formula
b

X(t) =v(t)+ j It s)(As)u + y(s))ds, (12)

where v(t)—is the solution of problem (11) for w(s)=0. We write relation (12)

as

I'(t,s)y(s)ds, (13)

X
=+
~
Il
N
—
~
+
=
—+
~—
=
+
g_)'—'c'

where

I'(t,s)A(s)ds. (14)

Il
m'—.d

In order to determine the parameter x we substitute relation (13) in condition (3)
b

b
IY dt+j dty+jY
a

a

I(t,s)y(s)dsdt = £.

QJ'—;CT

After some transformations, we obtain the system of linear algebraic equations
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b

a

Let us denote in (15)

b b
U=IY@V@Mh nzg—jYawawn

b b
jv (t)dtys = g_[ t—IY _[r S)dsdt.
a a

(15)

(16)

17

(18)

We note that, under the condition of lemma, it is easy to prove the

nonsingularity of the matrix U .

Having solved system (18), we obtain
b

u=U"1y - IU ~1D(s)y(s)ds.

a

After the introduction of the notation
T(s)=—UD(s), o=Uy,

relation (19) takes the form (9), namely
b

U=0+ jT (s)y(s)ds.

a

(19)

(20)

We now substitute relation (9) in (13) and after simple transformations,

b b
we obtain x(t) = v(t) + N(t)| o + j T(s)y(s)ds |+ j I(t,s)y(s)ds =
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b
N(t)o + j N ()T ()y(s)ds + j I(t,s)y(s)ds =

=v(t)+ N(t)o +

(N@)T(s)+ 7'(t,s))y(s)ds. (21)

SD'—-.O'

For convenience, we introduce the notation

2(t)=v(t)+ N(t)o, (22)
G(t,s)= NO)T(s)+ I'(t,s) (23)
and then we obtain the formula (8)
b
_ )+ J' G(t,s)y(s)ds

We now verify the validity of relations (10), using designations (20), (17),
(14), (16)

b b b
jT(s)A(s)ds=—ju 1.[\( I(t,s)dt- A(s)ds =
a ab a

-U 1IY

The validity of the second relation in (10) is verified with the use of the

SD'—-.CT

b
It s)dsdt = -U 1IY (t)dt=-U"t.U=-1.
a

same designations, formula (23), and the first relation in (10). We have

b b
j G(t,s)As)ds = j (F(t,s)+ N(O)T(s)) Als)ds =

a a

Hence, the lemma is proved.
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We can now reduce problem (1) - (3) to an integral equation. For this

purpose, we write (1) in the form
XM )+ ¢ (t)xMD(t)+...+ ¢y ()x(t) =
= XM (t)+ ¢ (t)xMD(t) + ...+ ¢ (t)x(t)

~xM (1) p O™ ) .. P ()x(t)+

b

j O (s)+ ..+ (O)x(t)) ds + F(£) + A,

or in the form relation (4) as
(Cx)t)= Alt)u+y(t),

by introducing the notation
hy (t)=ci () - pic(t), k=Lm,

b
4= [ L)ool (6)+ . a0 s +

+ £ )+ hO)xM D) +...+ hy, (t)x(), (24)
and using formula (6).

Substituting the relation (8) in the right-hand side of relation (24), we obtain

b bb
y(t)= j L(t,5)a0(5)2(s ds+j jquo —G(l//S)y(S)dt//dS+---+
a aa

L(t.w)a (v)G(w.s)y(s)dy ds +

G(t s)y(s)ds +...+
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b

+ho(0)2(0)+ j h . (s)G(t,s)y(s)ds.

After some transformations, we obtain

b
y(t): j L(t,S)(qO(S)Z(|)(S)+ ..+ q (S)Z(S))ds +
b b ’
+,”L ( —G(V’ s)+...+0 ()G (W,S)Jy(s)dz//du

+f({t)+h ®)zMD(t)+...+hy(t)z(t)+

b -1 m-1
+ j[h1(t) stm_l G(t,s)+...+ hy(t) stm—l G(t’S)J y(s)ds.
Let us denote
K(t5)=hill) S2 609+ + (0610 5)+

b
[ [ —G(V/S)+ +q.<><w,s)}w,

gt)=f(t)+hy®)zMV()+..+h,([t)z(t)+

b

. j L(t,5){0(8)2 () + ..+ @y (5)z(s))ds,

a

Then relation (25) takes the form
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The simple reasoning yields the validity of the following assertion:

problem (1) - (3) is equivalent to the integral equation (28).

The equivalence is understood in the following meaning: if y*(t) is a

solution of equation (28), then the function x*(t) and the parameter x* that are

defined by the formulas

b

()= 2(t)+ j G(t,s)y*(s)ds, (29)
\

L j T(s)y*(s)ds, (30)

Conversely, if x*(t) and " are a solution of problem (1) - (3), then the

function

y(0)=(ox* - At (31)
— is a solution of equation (28).
Theorem. If the matrix U, given by formula (16) is nonsingular, then
problem (1) - (3) is compatible if a solution of the integral equation (28) exists.

Example. We now reduce the boundary-value problem

1
x"(t)+10t x(t)=5 j (3vts — 2)x(s)ds +10t3 + 34, (32)
0
x(0)=1, x(@1)=2, (33)
1
j (7 —9t)x(t)dt :g (34)
0

to an integral equation of the form (28).

For this purpose, we consider the auxiliary problem
X"(t)=3u+y(t), x(0)=1, x(1)=2, (35)
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1
j (7 —9t)x(t)dt :g (36)
0
and will construct its solution.
Having solved problem (35), we obtain
1
X(t)=1+1 +§(t2 s I I(t,s)y(s)ds, (37)
0
t(s—-1) t<s,
F(t’s):{s((t —1;, t>s. 58)

In order to determine the parameter xz, we substitute relation (37) in condition
(36):

1 1
j(7—9t) 1+t +§(t2 —t)y+jf(t,s)y(s)ds dt =g.
0 0

Making calculations with regard for (38), we obtain

1

J.(7—9t)(1+t+g(t2 —t),u)dt=3—§,u,

0

1

j(? —9t)7(t,s)dt = —233 + %sz - 2s.

0

From whence, we have

1
5 33 79 S)
3——pu+ || -=s"+=-s"—-2s|y(s)ds=—,
S 4 K 55"+ ]Y() >
0
and
1
4 12 3 28 o 16
=—+ || -=s"+—s“—"—s|y(s)ds. 39
#75 J.( 5° 5 5 jy() 9
0
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Let us denote in (39)

4 T(s)z—Es3+§sz—Es, (40)
5 5 5

Relations (37) and (39) yield

1 1
=tote 30 o] £ [[(-265 2220 sy |+ [ reshytslos
0 0
or
1
1. 6., ) 18 5 42 , 24
t)=1--t+—t t" —t) —— —Ss" —— I'(t, ds. (41
x(t) Stre +I£( )( 55 t S 55)+ (s)jy(s)s (41)
0
Hence, if we denote in (41)
1. 6.,
t)=1--t+-t2, 42
2(t) sitE (42)
G(t,s):(tz—t)(—%s‘% 45232—%5)+1“(t,s), (43)

we obtain formula (8), namely
b
X(t)=2(t)+ j G(t,s)y(s)ds.
a

We note that it is easy to verify by direct calculations with the use of
formulas (40), (42), (43) that relations (10) hold. Indeed,

1
J‘ ds J‘( 123 282 16j3__1
5
a 0
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le(t,s)A(s)ds j[(t —t)(—%sS 45232—2—543j+F(t,s)j-3ds=

=—g(t2 —t)+§(t3 —tz)—gtB +3t2 —gtzo.

In our case, formula (25) takes the form
1

y(t)=5 I (3vts — 2)x(s)ds — 104t x(t) + 10t°. (44)
0
Let us substitute representation (41) in (44):

y(t)=5 (3vis — 2)x(s)ds — 10/ x(t) +10t3 =

O'—-.I—\

=5 (3\/_—2)(1—%s+25 jds+

1

(3vts - Z)J((WZ = WX— %53 2252 %sj + F(W’S)j y(s)dy ds +10t3 —

+5
5

0

—10\/_(1——t+ tj 10\/_Kt _t)( B, 222 2 j+r(t s)jy( S)ds.

With regard for designations (42) and (43), we have

y(t):5j(3¢r-z)z()s+5j(3f_z)j (1.5)y(s)dy ds +10t° -

1
~ 104t 2(t)-104% j G(ts)y(s)ds.  (45)
In relation (45), we denote
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o(t)=5 | (3vts — 2)z(s)ds ~ 10+t z(t) + 10t3,

O'—'I—‘

1
K(t,s):SI(BJr —2)G(w,s)dy —1041G(t,5),
0
then we obtain an integral equation of the form (28), i.e.,
b

¥(0)=90)+ [K(t3)y(s)s.
a
Thus, problem (32) - (34) is reduced to the integral equation (45).
Hence, according to Theorem, problem (32) - (34) is compatible, and its

solution calculated by formulas (39) and (41) takes the form

X*()=1+t2\t,  u*=4,(285714).

Conclusions of the given research and prospects for further
researches. Based on the results obtained for integral equations it is established
the conditions of compatibility of the indicated problem. A new approach to the
study of the boundary-value problem for an integro-differential equation with
parameters and restrictions by means of its reduction to an equivalent integral
equation is proposed.

Thereafter it is planned to highlight and substantiate efficiency and
conditions of application to the given problem of approximate methods, in

particular, iterative and projective methods.
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